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Abstract
In this paper we first discuss how a Noether current corresponding to a gauge or a global
symmetry can locally be introduced in a path integral irrespective of the boundary conditions
defining the theory. We then consider quantization of gravity plus minimally coupled scalar field
system in the phase space path integral approach. The complete gauge fixed action including
the Faddeev-Popov determinant is obtained in the so called ζ-gauge. It turns out that in this
formalism while the dilatation survives as the residual symmetry of the gauge fixed action, other
diffeomorphisms which require field dependent corrections fail to be so. The full Noether current for
the dilatation is determined and the spatial boundary conditions that yield a finite and conserved
charge are determined. The charge is shown to be expressible as a surface integral at infinity and the
corresponding Ward identity gives the standard consistency relation of cosmological perturbations.
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I. INTRODUCTION
For now, cosmology seems to be the only testing ground for quantum gravity. Although
the exact theory, which should presumably resolve the big-bang singularity, is not known
one may nevertheless consider small fluctuations around a classical background and remark-
ably the results obtained in the cosmological perturbation theory are consistent with the
observations. In recent years the linearized theory has been developed to include inter-
actions [1–4] but the approach is still perturbative and the issues about renormalization,
which are intricate when gravity is involved, are mainly overlooked. Not surprisingly, sym-
metry considerations provide interesting non-perturbative information about cosmological
perturbations; Maldacena’s consistency relation is being an example [1]
In the presence of a gauge symmetry, the quantum theory requires a viable gauge fixing
which breaks the local invariance, but even in that case some residual symmetries may
remain in the theory. For cosmological perturbations in the scalar slow-roll inflationary
models, in the so called ζ-gauge where the time slices are chosen to kill the scalar field
fluctuations, an infinite set of residual symmetries have been shown to exist in the literature
[5, 6]. These are spatial diffeomorphisms that preserve the transversality of the tensor
mode, however all but the dilatation symmetry require field dependent corrections to the
gauge parameter. Naively, each residual diffeomorphism gives a Ward identity involving
cosmological correlation functions (see e.g. [7–15]).
It is somehow surprising that the residual symmetries of cosmological perturbations are
identified in the literature without anyway discussing the boundary conditions. As we will see
(and as it is likely well known by many experts) a Noether current corresponding to a local
or a global symmetry always exists irrespective of the boundary conditions and possible
boundary terms in the action. Namely, when an action is invariant under a symmetry
transformation up to surface terms, which may or may not vanish depending on the boundary
conditions, a conserved Noether current can always be found. Moreover, the charge density
of this current can be shown to generate the symmetry transformation in the quantum theory.
This is a purely local result which must follow from the field equations and the canonical
commutation relations. On the other hand, proper boundary conditions are needed to get
a well defined and conserved charge whose existence should lead nontrivial information.
Having inflation in mind, in this paper we consider the standard Einstein gravity coupled
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to a self interacting real scalar field. Since the ADM decomposition is conveniently used for
cosmological perturbations, we utilize the (formal) phase space path integral quantization
of the system. In practice, the fields must be expanded around a classical cosmological
background but we try to keep the discussion more general by not referring to this pertur-
bative expansion as long as possible. The diffeomorphism invariance is fixed by imposing
the ζ-gauge and the corresponding Faddeev-Popov determinant is calculated. As a result,
the phase space path integral involves the Einstein-Hilbert action in the Hamiltonian form,
the gauge fixing terms and a ghost action related to the Faddeev-Popov determinant. We
show that the complete action is invariant under the dilatation, which becomes the residual
symmetry of the quantum theory1 with suitable boundary conditions, and we determine the
corresponding Noether current. On the other hand, the invariance of the theory under the
residual diffeomorphisms that require field dependent parameters is dubious in this formal-
ism since the corresponding map of fields is not canonical and thus the integration measure
picks up a nontrivial Jacobian.
Most of the time, the Noether charge associated to a local symmetry can be expressed as
a surface integral at infinity (see e.g. [16–19]). In our problem, this is fairly evident in the
covariant theory and we explicitly show it to be true when the fields are expanded around a
cosmological background. We determine the spatial boundary conditions which are required
for a finite and conserved charge. Together with the prescribed boundary conditions, the
theory becomes free near the spatial infinity. This allows us to relate the Noether charge to
a zero mode and the corresponding Ward identity gives the standard consistency relation of
cosmological perturbations.
II. THE NOETHER CURRENT
In this section, we first review a few salient features of the Noether current in the path
integral quantization and later study the gravity plus scalar field system. Our approach is
mostly motivated by and very similar to [20], but there are also some notable differences.
Consider the following elementary in-out path integral of a free massless scalar field in the
flat space with the standard action S = −1/2 ∫ ∂µφ∂µφ (since we mainly discuss the in-in
1 In stating this, we assume that the formal nonperturbative phase space path integral exists and we simply
ignore issues related to renormalization, seeing them as artifacts of the perturbation theory.
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path integrals below, the time ordering of operators will always be indicated explicitly)∫
Dφ eiSφ(xµ1 )...φ(x
µ
n) = 〈0|Tφ(xµ1)...φ(xµn)|0〉 . (1)
Clearly the action is invariant under a constant (infinitesimal) shift δSφ ≡ c. Assuming
naively that the path integral measure is also invariant under this shift leads to the bizarre
conclusion that all Green functions must vanish. Indeed, this assumption is incorrect since
the path integral is over all fields which vanish at infinity allowing both integration by parts
in the action and Fourier transformation of the fields. Unfortunately, the innocent looking
constant shift does not respect this boundary condition. To revive the shift symmetry in
the path integral one may try to apply the transformation only in a local region. For that
consider the following deformation of the symmetry
δρφ ≡ ρ(x)δSφ = ρ(x)c, (2)
where ρ is an arbitrary function of compact support in the space-time. Applying the de-
formed transformation (2) to the path integral (1), one may find∫
Dφ eiS
[
δρ (φ1...φn) + i
∫
d4x ρ(x) [∂2φ(x)](φ1...φn)
]
= 0, (3)
where φ1 = φ(x
µ
1 ) and so on. Note that δρS = −
∫
∂µφ∂
µρ =
∫
ρ∂2φ since ρ has compact
support. The path integral measure is now invariant under (2), which respects whatever
boundary conditions one has in the theory. Since (3) is true for any ρ, one concludes
−i∂2 〈0|Tφ1...φnφ(x)|0〉 = δ4(x−x1) 〈0|Tφ2...φnφ(x)|0〉+...+δ4(x−xn) 〈0|Tφ1...φn−1φ(x)|0〉 ,
(4)
which can easily be verified by Wick’s theorem.
The above example is simple but it highlights the crux of the matter. Consider a theory
governed by an action S[ΦI ], where the fields are collectively denoted by ΦI . Assume that
the action is invariant up to possible surface terms under a global or a local infinitesimal sym-
metry transformation δSΦ
I(x). Define the locally deformed transformation by multiplying
with an arbitrary function of compact support ρ as
δρΦ
I(x) ≡ ρ(x)[δSΦI(x)]. (5)
It is easy to see by integration by parts that the variation of the action under (5) can be
written as
δρS = −
∫
d4x ρ(x) [∂µJ
µ] , (6)
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where Jµ can be identified as the Noether current. Eq. (6) follows from the fact that ρ = 1
is the original symmetry transformation which leaves the action invariant up to the surface
terms. When the field equations hold, (6) should vanish for arbitrary ρ that gives ∂µJ
µ = 0.
Note that the Noether current defined in this way is not affected by the boundary conditions
or by possible boundary terms in the action. The current is not unique either, because
Jµ → Jµ + ∂νKµν (7)
with arbitrary Kµν = K [µν] still yields (6).
Consider now the following in-in path integral giving the expectation value of an operator
O(t) in a (vacuum) state∫
[DΦI+][DΦ
I
−][DΦ
I
∗] e
iS+−S− O+(t) ≡ 〈O(t)〉 , (8)
where O(t) = ΦI1(t, ~x1)...Φ
In(t, ~xn) and for notational simplicity the initial state wave-
functionals are omitted.2 Having cosmological applications in mind, in (8) we consider
a composite operator defined at a single time but the following argument can easily be
generalized to other cases. We take t < t∗ to avoid field insertions at the fixed return time
t∗. The above path integral is over all fields Φ
I
+ and Φ
I
− satisfying Φ
I
∗ = Φ
I
+(t∗) = Φ
I
−(t∗)
and [DΦI∗] denotes the spatial integration measure of the field variables Φ
I
∗ at the constant t∗
slice. As shown in [21], it is possible to carry out the path integral over ΦI∗ at t∗, which simply
imposes the extra condition Φ˙I+(t∗) = Φ˙
I
−(t∗) for Φ
I
± fields. Namely, the in-in path integral
can be carried out either by integrating ΦI+, Φ
I
− and Φ
I
∗ obeying Φ
I
∗ = Φ
I
+(t∗) = Φ
I
−(t∗); or
by integrating over the fields ΦI+ and Φ
I
− satisfying Φ
I
+(t∗) = Φ
I
−(t∗) and Φ˙
I
+(t∗) = Φ˙
I
−(t∗).
Inevitably, these integrals also require certain boundary conditions at spatial infinity, which
are irrelevant at the moment.
Let us see how the infinitesimal transformation (5) applies to the in-in path integral
(8). Introduce two independent functions of compact supports ρ+ and ρ− obeying ρ+(t∗) =
ρ−(t∗) = 0 and define
δ+Φ
I
+ = ρ+[δSΦ
I
+], δ−Φ
I
− = ρ−[δSΦ
I
−]. (9)
We prefer not to extend the deformed transformations through the return time t∗ to avoid
boundary effects related to the [DΦI∗] integral (we also take ρ+(ti) = ρ−(ti) = 0, where ti
2 We will never apply a transformation to the path integral extending through the initial time ti, therefore
the state wave-functionals will always remain intact.
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is the initial time). It is natural to assume that the in-in path integral measure is invariant
under (9), which only restricts the symmetry transformation in a local region. Then, by
applying (9) to (8) with ρ+ = 0 one may easily see that
〈O(t)[∂µJµ]〉 = 0. (10)
On the other hand, replacing O+ in (8) by O− and setting this time ρ− = 0 gives
〈[∂µJµ]O(t)〉 = 0. (11)
These two equations show that the Noether current is also conserved in the quantum theory.
Choosing now ρ− = 0 and ρ+ 6= 0 in (8) implies
i∂µ 〈TO(t)Jµ(x)〉 = δ4(x− x1)
〈
[δSΦ
I1(t, ~x1)]...Φ
In
〉
+ ... + δ4(x− xn)
〈
ΦI1 ...[δSΦ
In(t, ~xn)]
〉
.
(12)
Finally, using (10) and the explicit definition of the time ordering in (12) yields
i
〈[
J0(t, ~x), O(t)
]〉
= δ3(~x− ~x1)
〈
[δSΦ
I1 ]...ΦIn
〉
+ ...+ δ3(~x− ~xn)
〈
ΦI1 ...[δSΦ
In]
〉
. (13)
This last equation shows that the Noether charge density is the generator of the symmetry
transformation in the quantum theory. In getting these identities there is no need to refer to
the boundary conditions since the deformed transformations (9) do not extend to infinity.
Therefore, these should follow from purely local physics. More explicitly, the current con-
servation ∂µJ
µ = 0 is expected to hold by field equations and the generator equation (13)
presumably involves the canonical commutation relations.
The above discussion clarifies the basic role of the Noether current in the path integral
quantization and this is as far as one may continue without paying attention to the boundary
conditions. Obviously, proper boundary conditions are required for the Noether charge
Q(t) =
∫
d3xJ0(t, ~x) to be well defined and further for it to be conserved dQ/dt = 0.
After these general considerations, let us now focus on our main interest, i.e. the gravity
plus minimally coupled scalar field system. We take the metric in the ADM form
ds2 = −N2dt2 + hij(dxi +N idt)(dxj +N jdt), (14)
and study the theory in the Hamiltonian formulation. The Einstein-Hilbert action can be
written as
SEH =
∫
d4xL =
∫
d4x
[
Πij h˙ij + Pφφ˙−NΦ −N iΦi
]
(15)
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where the dot denotes the time derivative,
Φ =
1√
h
[
ΠijΠij − 1
2
Π2
]
+
1
2
√
h
P 2φ +
√
h
[
V (φ) +
1
2
hij∂iφ∂jφ− R(3)
]
,
Φi = −2
√
hDj
[
1√
h
Πji
]
+ Pφ∂iφ, (16)
Di is the covariant derivative and R
(3) is the Ricci scalar of hij , h = det(hij) and Π = Π
ijhij.
In this section all index manipulations are carried out by the spatial metric hij . In the
classical theory the canonical pairs obey the following Poisson brackets
{hij(~x),Πrs(~y} = 1
2
(
δri δ
s
j + δ
r
j δ
s
i
)
δ3(~x− ~y),
{φ(~x), Pφ(~y} = δ3(~x− ~y), (17)
and the lapse N and the shift N i are Lagrange multipliers enforcing the Hamiltonian and
the momentum constraints; Φ = 0 and Φi = 0.
In the Lagrangian formulation, the theory is invariant under the full diffeomorphism
group generated by the vector fields kµ = (k0, ki) due to the underlying geometric structure.
In the next section we will fix the time reparametrizations and thus in the following we
only consider coordinate changes with k0 = 0. On the other hand, in the Hamiltonian
formulation a time dependent spatial diffeomorphism generated by kµ = (0, ki(t, ~x)) acts
like a time dependent canonical transformation which generates extra terms in the action.
Although it is possible to deal with this issue, it is enough for our purposes to focus on time
independent spatial maps generated by a 3-vector ki(~x) whose action on the fields become
δShij = k
r∂rhij + hrj∂ik
r + hir∂jk
r = Dikj +Djki,
δSΠ
ij = kr∂rΠ
ij −Πrj∂rki − Πri∂rkj +Πij∂rkr ≡ L~kΠij,
δSφ = k
i∂iφ, (18)
δSPφ = k
i∂iPφ + Pφ∂rk
r,
δSN = k
i∂iN,
δSN
i = kr∂rN
i −N r∂rki.
It is worth to emphasize that since ki is chosen to be time independent, all fields and their
time derivatives transform like 3-dimensional tensors (or tensor densities of weight one),
which live in the tangent space of constant time slices. The variation of the action (15)
7
under (18) is then given by a total surface term
δSSEH =
∫
d4x ∂i (k
iL). (19)
This key geometric structure will be very useful for our subsequent considerations.
The Noether current corresponding to (18) can be calculated by deforming the transfor-
mations3 like
δρhij = ρ[δShij ] = ρ(Dikj +Djki) (20)
where this modification should be applied to all equations in (18). A straightforward but
lengthy calculation then gives
δρSEH = −
∫
d4x ρ [∂µJˆ
µ], (21)
where
Jˆ0 = 2ΠijDikj + Pφk
i∂iφ,
Jˆ i = −kiL −N iPφkr∂rφ−
√
h(Diφ)kr∂rφ+ 2N
rL~kΠir − 2N iΠrsDrks (22)
+2
√
h(DiN)Drk
r + 2
√
hNDrDrk
i − 2
√
hNDiDrk
r − 2
√
h(DrN)Dikr.
As noted before, Jˆµ is not unique and one may obtain different Noether currents still satis-
fying (21). It is important to observe that
Jˆ0 = kiΦi + 2∂i[Π
ijkj], (23)
and thus on shell when the momentum constraint Φi = 0 is satisfied, the Noether charge
becomes a surface integral at spatial infinity. This observation will be crucial in getting the
cosmological consistency relation from the Ward identity.
III. GAUGE FIXING, FADDEEV-POPOV DETERMINANT AND THE RESID-
UAL SYMMETRY
In this section we would like to apply the phase space path integral quantization of
the gravity plus scalar field system. Since there is no known non-perturbative quantization
3 We would like to point out that while the transformation (18) is a canonical map in the phase space, the
deformed transformation is not canonical. To see this, one can verify that the Poisson bracket structure
is not invariant G(x, y) ≡ δρ {hij(x), πrs(y)} 6= 0. Since G(x, y) is actually a distribution, one may
calculate
∫
d3xd3yf(x)g(y)G(x, y) for arbitrary compact functions f(x) and g(y). Using (17), we obtain
∫
d3xd3yf(x)g(y)G(x, y) = − 1
2
(δri δ
s
j + δ
s
i δ
r
j )
∫
d3xf(x)g(x)kl(x)(∂lρ), which does not vanish unless ρ is a
constant. This issue was a reason for debate about IR divergences of massless fields in de Sitter space,
see [22–24].
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procedure, one must actually study the fluctuations around a classical background and apply
perturbation theory. Even in that case the renormalization of the theory is problematic since
gravity is involved. Here, we simply ignore these issues and keep the quantization procedure
formal. To have closed form expressions, we also would like to postpone the expansion
around the classical background as long as possible.
There are four primary constraints Φ = 0 and Φi = 0 that demand four gauge conditions.
We utilize the so called ζ-gauge as follows: The time reparametrizations can be fixed by
imposing
G ≡ φ− φB(t) = 0, (24)
where φB(t) can be identified as the background value of the scalar field that obeys φ˙B 6= 0
and otherwise (for now) arbitrary. This condition completely breaks the diffeomorphism
invariance with k0 6= 0. To fix spatial diffeomorphisms we introduce δij as a background
metric, where the indices refer to the ADM coordinates introduced in (14). We define the
trace-free graviton field as
γij ≡ hij − 1
3
δijδ
mnhmn ≡ hij − 1
3
δijhmm, (25)
which obeys δijγij ≡ γii = 0. Since there are now two metric tensors hij and δij , index
manipulations should be done with care. We never raise or lower the indices with δij and
for notational simplicity the summations involving δij will be denoted like δ
ijhij = hii. We
impose
Gi ≡ ∂jγji = 0, (26)
which completes the gauge fixing.
In the path integral quantization, the gauge conditions (24) and (26) can be implemented
by Lagrange multipliers λµ = (λ, λi) via the gauge fixing action
SGF =
∫
d4x (λG+ λiGi), (27)
which must be added to the Einstein Hilbert action (15).
There are now four primary constraints Φµ = (Φ,Φi) and four gauge conditions Gµ =
(G,Gi). In the Hamiltonian formalism the corresponding Faddeev-Popov determinant is
given by
M = det {Φµ(t, ~x), Gν(t, ~y)} , (28)
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where the Poisson brackets must be found using (17). The functional determinant M can
be calculated by introducing anti-commuting ghost and anti-ghost fields, χµ = (χ, χi) and
χ¯µ = (χ¯, χ¯i), and the Faddeev-Popov ghost action as
SFP =
∫
dt d3x d3y χ¯µ(t, ~x) {Φµ(t, ~x), Gν(t, ~y)} χν(t, ~y). (29)
After a relatively long but straightforward calculation we obtain
SFP =
∫
d4x
[
− 1√
h
χ¯χPφ − χ¯iχ∂iφ+ 1√
h
(γijΠ− 2Γ˜ij)χ¯∂jχi + (∂iγkj)χ¯i∂kχj
−hij∂kχ¯i∂kχj − hik∂jχ¯i∂kχj + 2
3
hik∂kχ¯
i∂jχ
j
]
, (30)
where Γ˜ij = Πij − δijΠrr/3.
The formal in-out phase space path integral quantization of the system involves the
following integral over field variables obeying suitable boundary conditions
DX eiS (31)
where
DX ≡ DhijDΠklDφDPφDNDNmDλρDχ¯µDχν (32)
and S = SEH + SGF + SFP . While the integrals over N , N
i and λµ impose the constraints
and the gauge conditions, the ghost integrals yield the corresponding Faddeev-Popov deter-
minant. These eliminate the gauge degrees of freedom and select out the physical subspace
in the unconstrained phase space. For the in-in case, the path integral includes + and −
branches and a spatial path integral defined at the return time t∗ so that
DX+DX−DX∗e
iS+−iS−. (33)
The full action is quadratic in the momenta Πij and Pφ, and the corresponding Gaussian
integrals can be carried out to get the Lagrangian path integral with a nontrivial field
dependent measure.
Having obtained the complete gauge fixed action, one may look for residual symmetries
which are possibly left over. It is easy to see that (24) completely eliminates diffeomorphisms
with k0 6= 0. To proceed, it is convenient to introduce a background value for the trace of
hij and write
hij = a(t)
2(1 + ζ)δij + γij (34)
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where a(t) is (for now) an arbitrary non-vanishing function of time. Under a possibly time
dependent map generated by ki(t, ~x), the tensor γij transforms as
δSγij = k
r∂rγij+γrj∂ik
r+γir∂jk
r− 2
3
δijγrs∂sk
r+a2(1+ ζ)
(
∂jk
i + ∂ik
j − 2
3
δij∂rk
r
)
. (35)
The residual diffeomorphisms must satisfy
∂i(δSγij) = 0, (36)
which gives
∂2kj +
1
3
∂i∂jk
i = ... (37)
where ∂2 = ∂i∂i and the right hand side contains ζ and γij dependent terms. It is easy to see
that the dilatation, which is generated by ki = xi, exactly solves (37) where we refer to the
ADM coordinates introduced in (14). There are also field dependent solutions that can be
expressed as a series in the field variables ζ and γij where the zeroth order term solves the
left hand side of (37). In principle, this yields an infinite set of residual diffeomorphisms for
each zeroth order solution [5, 6], but it is very unlikely that these survive as the symmetries
of the quantum theory. It is easy to see that a field dependent map does not generate a
canonical transformation; in general the Poisson bracket structure is destroyed
δS {hij, πrs} 6= 0. (38)
This can also be verified by observing that the canonical form of the action
∫
d4xΠij h˙ij is
not going to be preserved after the transformation. Therefore, the path integral measure
picks up a nontrivial Jacobian which would ruin the symmetry. Moreover, the non-covariant
ghost action contains usual partial derivatives and in general it will not be invariant under
a field dependent diffeomorphism.
This leaves the dilatation as the only residual symmetry candidate and one must still
check the invariance of the total action. The variation of the Einstein-Hilbert action gives a
surface term as indicated in (19). One may observe that the gauge conditions (24) ad (26)
transform like tensor densities
δDG = x
i∂iG,
δDGi = x
j∂jGi + 3Gi. (39)
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Therefore, the gauge fixing action (27) changes up to surface terms under the dilatation if
one imposes the Lagrange multipliers to obey
δDλ = x
i∂iλ+ 3λ,
δDλi = x
j∂jλi. (40)
The nice tensor-type transformation properties of the fields under the dilatation also implies
the invariance of the ghost action as follows: By definition, the constraints Φ and Φi are
tensor densities. It is an elementary exercise to show that under an infinitesimal canonical
transformation the variation of a Poisson bracket is equal to the Poisson bracket of the
variation, i.e.
δ{A,B} = {δA,B}+ {A, δB}, (41)
which shows that the Faddeev-Popov matrix entries {Φµ, Gν} transforms like bi-tensor den-
sities under the dilation. From the corresponding wights, the transformation of the ghost
fields that would leave the ghost action invariant (up to surface terms) can be found as
δDχ = x
j∂jχ+ 3χ,
δDχ
i = xj∂jχ
i,
δDχ¯ = x
j∂jχ¯, (42)
δDχ¯
i = xj∂jχ¯
i − χ¯i.
As a result, the variation of the complete action S = SEH +SGF +SFP under the dilatation
ki = xi becomes a surface term, where the fields are mapped as in (18), (40) and (42). The
path integral measure only picks up an irrelevant constant Jacobian under these transforma-
tions, which act like a canonical map4 for the fields hij , Π
ij , φ, Pφ, and as a linear map for
the ghosts χµ, anti-ghosts χ¯µ and the Lagrange multipliers λµ. So the dilatation becomes
the symmetry of the quantum theory when suitable boundary conditions killing the surface
terms are imposed.
4 Although the deformed transformation is not canonical, it is nevertheless linear and thus the phase space
path integral measure at most picks up an irrelevant constant as in the case of Lagrange multipliers and
ghosts.
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IV. PERTURBATIVE EXPANSION, BOUNDARY CONDITIONS AND THE
NOETHER CHARGE
In this section we quantify our previous findings by an expansion around a cosmologi-
cal FRW background ds2 = −dt2 + a2dxidxi. We introduce the fluctuation fields (ζ, Pζ),
(γij,Γ
ij), (ϕ, Pϕ), n and n
i as
hij = a
2(1 + ζ)δij + γij,
Πij =
(−2a˙ + Pζ/2a2) δij + Γij,
φ = φB + ϕ,
Pφ = a
3φ˙B + Pϕ, (43)
N = 1 + n,
N i = ni,
where δijΓ
ij = 0, and assume that the following background equations are satisfied
6H2 =
1
2
φ˙2B + VB, H˙ = −
1
4
φ˙2B, (44)
where H = a˙/a and VB = V (φB). The ghost fields and the Lagrange multipliers have no
background values and the pairs (ζ, Pζ), (γij,Γ
ij), (ϕ, Pϕ) are canonical conjugates. After
integrating out λµ, which enforces the gauge conditions ϕ = 0 and ∂iγij = 0, the path
integral measure becomes
DX ≡ DζDPζDTγijDΓklDnDniDχ¯µDχν (45)
where DTγij denotes the sum over only the transverse tensor modes. Evidently, in expanding
the action around the background solution inside the path integral, both conditions ϕ = 0
and ∂iγij = 0 can freely be used. A straightforward calculation then yields
S =
∫
Γijγ˙ij + Pζ ζ˙ +
1
6a3
P 2ζ +HζPζ −
1
2a3
P 2ϕ − aΓijΓij + 2HΓijγij +
3
2
φ˙BζPϕ
+(H˙ −H2)γijγij −
(
3a2a¨ +
3
2
a3φ˙2B
)
ζ2 +
1
2
a∂kζ∂kζ − 1
4a3
∂kγij∂kγij + ... (46)
−nΦ˜ − niΦ˜i
where
Φ˜ = φ˙BPϕ + 2a∂
2ζ + 2HPζ + 6a
2a¨ζ + ...
Φ˜i = −2a2∂jΓij − 2
3
∂iPζ − 2a2a˙∂iζ + ... (47)
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and only the quadratic fluctuation terms in the action are explicitly found whereas the
higher order terms are simply indicated by dots. Since we are expanding around a classical
solution, the linear terms in the action cancel each other. We omit writing the ghost action
since the ghosts decouple from the fluctuations at the quadratic order. As a check of (46),
one may solve the constraints in (47) as
Pϕ = − 2a
φ˙B
∂2ζ − 2a˙
aφ˙B
Pζ − 6a
2a¨
φ˙B
ζ,
Γij = ΓijT +
1
6a2
δijPζ +
a˙
2
δijζ − 1
2a2
∂i∂j
1
∂2
Pζ − 3a˙
2
∂i∂j
1
∂2
ζ, (48)
where ∂iΓ
ij
T = 0 and Γ
ii
T = 0. Using these solutions back in the action (46) and after
eliminating Pζ through its equation of motion gives the quadratic action
S(2) =
∫
1
2
a3ǫζ˙2 − 1
2
aǫ∂iζ∂iζ +
1
4a
γ˙ijγ˙ij − 1
4a3
∂kγij∂kγij +
a¨
2a2
γijγij, (49)
where ǫ = φ˙2B/4H
2 = −H˙/H2 is the slow-roll parameter. This becomes the standard
quadratic action of cosmological perturbations after rescaling γij → a2γij, which transforms
our γij to the linearized graviton field used in the literature.
As shown in the previous section, the nonlinear action including ghosts is invariant under
the dilatation. While the variation of the ghosts are still given by (42), the fluctuation fields
can be found to transform as
δDPϕ = x
i∂iPϕ + 3Pϕ + 3a
3φ˙B,
δDζ = x
i∂iζ + 2ζ + 2,
δDPζ = x
i∂iPζ + Pζ − 6a2a˙,
δDγij = x
k∂kγij + 2γij, (50)
δDΓ
ij = xk∂kΓ
ij + Γij,
δDn = x
i∂in,
δDn
i = xk∂kn
i − ni.
The change of the action under the deformed dilatation δρ = ρ δD becomes
δρS = −
∫
d4x ρ [∂µJ
µ], (51)
where the corresponding Noether current (below O(2) denotes the quadratic and the higher
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order fluctuation terms) is given by
J0 = 2Pζ + 6a
3Hζ + O(2),
J i = 2a∂iζ + 4a∂in+O(2). (52)
We check ∂µJ
µ = 0 provided that the linearized field equations are obeyed. We also confirm
that to that order ∂µJ
µ = ∂µJˆ
µ, where Jˆµ is the full nonlinear current given in (22).
Like (23), the charge density can be expressible as
J0 = xiΦ˜i + ∂i
[
xi
(
2
3
Pζ + 2a
2a˙ζ
)
+ 2a2xjΓij +O(2)
]
. (53)
Thus, similar to the full nonlinear charge density (23), its perturbative version (53) can also
be written as the sum of the momentum constraint and a total divergence term. Indeed,
defining a new Noether current using the freedom (7) as
J˜0 = Jˆ0 + ∂i
[
6a2a˙xiζ + 4a2a˙xi
]
,
J˜ i = Jˆ i − d
dt
[
6a2a˙xiζ + 4a2a˙xi
]
, (54)
one may see that J˜0 and J0 agree on linear terms, which prove (53) (one may replace Jµ
with J˜µ if necessary). On shell, i.e. when the momentum constraint is obeyed, the Noether
charge becomes
Q =
∫
d3x J0 = lim
r→∞
r3
∫
S2
dΩ
[
2
3
Pζ + 2a
2a˙ζ + 2a2
xixj
r2
Γij +O(2)
]
, (55)
which is a surface integral at spatial infinity.
The form of the surface charge (55) suggests the following boundary conditions for the
fields
ζ, Pζ, γij, Γ
ij = O
(
1
r3
)
as r →∞. (56)
We assume that the time derivatives of the fields have the same fall-off rates and a spatial
derivative increases the order by one like ∂iζ = O(1/r
4). Together with these boundary
conditions the operator 1/∂2 becomes well defined in the position space, for example one
has
1
∂2
ζ(~x) = − 1
4π
∫
d3y
ζ(~y)
|~x− ~y| . (57)
Therefore (1/∂2)ζ = O(1/r) and the standard solutions of the lapse n and the shift ni in
the linearized theory suggests
n = O
(
1
r3
)
, ni = O
(
1
r2
)
as r →∞. (58)
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The fall-off conditions (56) and (58) apply to all fields in the path integral. Moreover, from
Jµ given in (52) one sees that the current conservation ∂µJ
µ = 0 implies
Q˙ = 0, (59)
i.e. the spatial flux of the field at infinity vanishes and the Noether charge is conserved.
Consider now the expectation value of an operator O(t), conveniently defined at a sin-
gle time, given by the in-in path integral. From the infinitesimal variations of the in-
tegration variables, one may get the Schwinger-Dyson equations 〈[E.o.M.]O(t)〉 = 0 and
〈O(t)[E.o.M.]〉 = 0. Specifically, taking the operator in the plus-branch O+(t) in the path
integral and varying ni− and choosing O−(t) in the path integral and varying n
i
+ respectively
give
〈O(t)Φi〉 = 〈ΦiO(t)〉 = 0. (60)
Furthermore, manipulations similar to the previous section imply
〈O(t)[∂µJµ]〉 = 〈[∂µJµ]O(t)〉 = 0 (61)
and
〈
Q˙O(t)
〉
=
〈
O(t)Q˙
〉
= 0,
i 〈[Q,O(t)]〉 = 〈δDO(t)〉 . (62)
The prescribed boundary conditions are only used in the last equation to make sure the
existence of the Noether charge in the path integral. We note that these identities are valid
for any initial state in the theory.
The Noether charge inside the path integral can be expressed as a surface charge depend-
ing on fields at infinity since the momentum constraint is satisfied by the Schwinger-Dyson
equations (60). In integrating out the boundary fields living at spatial infinity, the full ac-
tion can be replaced by the quadratic one because of the presumed boundary conditions (in
other words, the full interacting theory becomes linearized and free near spatial infinity).
Using the linearized momentum constraint (47), the surface integral can be converted back
to a volume integral so that
Q =
∫
d3x
[
2P
(f)
ζ + 6a
2a˙ζ (f)
]
, (63)
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where the label (f) signifies that these are free fields governed by the quadratic action. One
may further use the linearized equation P
(f)
ζ = a
3ǫζ˙ (f) − 3a2a˙ζ (f) − (a2/a˙)∂2ζ (f) to obtain
Q = 2
∫
d3x
[
a2 ǫ ζ˙ (f)
]
. (64)
From the field equation of ζ (f) and using the fall-off conditions, one may readily verify that
Q˙ = 0.
Formally, it is possible to obtain (64) in the operator formalism as follows: Take the
variable ζ . The exact Heisenberg picture operator ζH is related to the free interaction
picture operator ζ (f) by
ζH(t, ~x) = ζ
(f)(t, ~x)− i
∫ t
ti
dt′
[
ζ (f)(t, ~x), HI(t
′)
]
+ ... (65)
where HI(t
′) =
∫
d3yHI(t′, ~y) is the interaction Hamiltonian and the dotted terms contain
more nested commutators of ζ (f) with HI . By causality, for any given ~y one has
lim
|~x|→∞
[
ζ (f)(t, ~x),HI(t′, ~y)
]
= 0, (66)
therefore one expects
lim
|~x|→∞
[
ζ (f)(t, ~x), HI(t
′)
]→ 0, (67)
which would imply
lim
|~x|→∞
ζH(t, ~x)→ lim
|~x|→∞
ζ (f)(t, ~x). (68)
However, the Hamiltonian HI(t
′) is given by the integral of the Hamiltonian density HI(t′, ~y)
extending to spatial infinity, so ζ (f)(t, ~x) and HI(t
′) have causally overlapping regions even
when |~x| → ∞. Consider a similar commutator
[
ζ (f)(t, ~x), ζ˜ (f)(t′, ~k)
]
∝ e−i~k.~x (69)
where ζ˜ (f) is the Fourier transform of ζ (f) defined by
ζ˜ (f)(t′, ~k) = (2π)−3/2
∫
d3x e−i
~k.~x ζ (f)(t′, ~x), (70)
which involves an integral extending to spatial infinity as in the interaction Hamiltonian.
Although (69) does not converge to zero point-wise as |~x| → ∞, its angular average in the
position space produces the factor sin(k|~x|)/(k|~x|) that vanishes in the limit of interest. By
expressing the interaction Hamiltonian in terms of the Fourier transformed variables, one
17
may then predict that the commutator (67) vanishes after the angular integration is carried
out as |~x| → 0 implying
lim
r→∞
∫
S2
dΩ ζH(t, r, θ, φ)→ lim
r→∞
∫
S2
dΩ ζ (f)(t, r, θ, φ). (71)
This shows that the Noether charge operator given in (55) can be expressed by the free
fields, which straightforwardly leads to (64).
Using the free field expansion
ζ (f) = (2π)−3/2
∫
d3k ei
~k.~x µk(t) a~k + h.c. (72)
where
µkµ˙
∗
k − µ∗kµ˙k =
i
ǫa3
, (73)
one may find
Q|0〉 = lim
k→0
2(2π)3/2a3ǫ
(
µ˙k
µk
)∗
ζ˜ (f)(~k) |0〉 , (74)
where a~k |0〉 = 0. The standard curvature perturbation ζˆ, which is conserved at the super-
horizon scales, is defined by
ζˆ =
1
6
ln
[
1
a3
det hij
]
. (75)
At the linearized level, ζˆ and ζ agree with each other. Since the zero mode of ζˆ is constant and
the Heisenberg picture operators are identified with the corresponding interaction picture
operators at ti, one has
5 limk→0 ζˆ(~k) = limk→0 ζ˜
(f)(~k) giving
Q|0〉 = lim
k→0
2(2π)3/2a3ǫ
(
µ˙k
µk
)∗
ζˆ (f)(~k) |0〉 , (76)
Then, for any operator that commutes with ζˆ(~k = 0) like O(t) = ζˆ(t, ~x1)...ζˆ(t, ~xn), the
equations (73) and (76) yield
lim
k→0
2(2π)3/2
|µk|2
〈
O(t)ζˆ(~k)
〉
= 〈δDO(t)〉 , (77)
which is the dilatational consistency relation of cosmological perturbations. As an example,
by taking O(t) = ζˆ(t, ~k1)ζˆ(t, ~k2) in (77) and noting that δDζˆ(t, ~x) = x
i∂iζˆ + 1, one may
obtain
lim
k→0
2(2π)3/2
P (k)
〈
ζˆ(t, ~k1)ζˆ(t, ~k2)ζˆ(~k)
〉
= −δ3(~k1 + ~k2)∂(k1)i
[
ki1P (k1)
]
, (78)
5 For notational simplicity the Fourier transform of the operator ζˆ(t, ~x), which is defined as in (70), is
denoted by the same symbol ζˆ(t,~k). Since limk→0 ζˆ(t,~k) is conserved its time argument is also dropped.
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where P (k) is the exact two point function in the momentum space, which is defined by〈
ζˆ(t, ~k1)ζˆ(t, ~k2)
〉
= δ3(~k1 + ~k2)P (k) and satisfies limk→0 P (k) = limk→0 |µk|2. Eq. (78) can
be identified as the consistency relation for the 3-point function [1, 25].
V. CONCLUSIONS
In this paper we try to clarify a few issues about the cosmological Ward identities related
to the residual symmetries of the cosmological perturbations in the phase space path integral
quantization method. The general role played by the Noether current in the path integral
approach is reviewed. We study the gravity plus minimally coupled self-interacting scalar
field system in the so called ζ-gauge, which is relevant for the slow-roll inflation. The
ghost action yielding the Faddeev-Popov determinant is obtained. We observe that only the
dilatation survives as the residual symmetry of the complete gauge fixed action including the
ghosts. The corresponding Noether current is calculated both exactly in the nonlinear theory
and in the linearized form when the theory is expanded around a cosmological background.
The Noether charge is shown to be equivalent to a surface integral at spatial infinity and
the boundary conditions that are required for charge conservation are identified. It turns
out that the charge can be related to the zero mode of the curvature perturbation ζ and the
related Ward identity gives the consistency relation of the cosmological perturbations.
The present work can be extended in a few directions. Since the full Noether current
is obtained, it is possible to determine the nonzero momentum corrections to the cosmo-
logical consistency relation in a systematic way (see [26–28]). Indeed, it is not difficult to
get the nonzero momentum version of the identity (62) that involves the Noether charge
carrying momentum ~k defined by Q(~k) =
∫
d3x exp(i~k.~x)J0(t, ~x). Introducing J i(~k) =∫
d3x exp(i~k.~x)J i(t, ~x), the current conservation implies Q˙(~k) = ikiJ
i(~k), thus one would
expect the vector J i to show up in the Ward identity. This is work in progress which we
hope to report soon. More ambitiously, it would be interesting to generalize the present
formalism to accommodate other field dependent residual symmetries discussed in the lit-
erature. The main obstacle here is that a field dependent diffeomorphism do not leave the
path integral measure invariant. One plausible way of avoiding this issue is to focus on the
asymptotic symmetries as in [29–34]. It might also be possible to find nicer field variables
or alternative gauge conditions allowing different residual symmetries.
19
In the context of gauge-gravity duality, the asymptotic charges are usually defined using
the counter-term subtraction method and in [35] these have been shown to generate the
desired asymptotic symmetries of the AdS space. On the other hand, in [36] the asymptotic
symmetry group and the corresponding charges are specified on appropriately constructed
phase space for the asymptotically de Sitter Einstein gravity. Curiously, the spatial fall-off
conditions utilized in [36] for the construction of the phase space are very similar to the
ones imposed in this paper. It would be interesting to study both of these approaches in the
context of scalar inflationary models and examine their implications for the cosmological
correlation functions. These are important questions that are worth to dwell on, whose
answers are expected to improve our understanding of the cosmological perturbations at the
nonlinear quantum level.
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